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Abstract 

This paper looks at the use of Model Theoretic ideas to study certain 
non-Hausdorff spaces with a view to their application in Manin's pro- 
posed theory of Real Multiplication, which seeks to establish a framework 
in which to prove Hilbert's twelfth problem for real quadratic fields. We 
study morphisms between these non-Hausdorff spaces using Nonstandard 
Analysis, and as a consequece in certain special cases we are able to de- 
scribe an action of a certain Galois group on isomorphism classes of these 
spaces. 

1 Introduction 

Class Field Theory attempts to classify the abelian extensions of a field K, in 
terms of data intrinsic to K, namely the idele class group. When K is a num- 
ber field, the celebrated "Existence Theorem" asserts a bijection between the 
finite abelian extensions over K, and open subgroups of finite index in the idele 
class group. Fields arising in this way are known as class fields for K. Despite 
ensuring the existence of such fields for K, the proof of this result is in general 
nonconstructive, not providing a set of generators for the abelian extension. In 
the early twentieth century Hilbert listed the need for such an explicit class 
field theory as the twelfth in a list of twenty three problems he deemed to be of 
importance to mathematics. 

A century later Hilbert's twelfth problem remains unanswered, except in 
a few special circumstances. In 1896 Hilbert himself gave the first complete 
answer to the case when K is the field Q of rational numbers following the 
work of Kronecker and Weber. By the end of the nineteenth century a solution 
was known for the case when K is an imaginary quadratic field, fulfilling Kro- 
necker's Jugendtraum, or "dream of youth" . This was achieved by generating 
abelian extensions of K by adjoining special values of certain functions on el- 
liptic curves with Complex Multiplication. Much later in the 1970's, this result 
inspired the construction of the Lubin-Tate formal group, which was used to 
establish a solution when K is a local field [6]. 

The simplest class of number fields for which the problem remains unsolved 
is the case when K is a real quadratic field. 
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Some progress has been made in obtaining solutions for isolated classes of 
real quadratic fields by Shimura [9,10] and Shintani [11]. Shimura uses a similar 
philosophy to that of the theory of Complex Multiplication, generating abelian 
extensions of certain real quadratic fields (of class number one) by the torsion 
points of certain abelian varieties. Shintani's work is motivated by the ability 
to express the L-function of a real quadratic field in terms of certain special 
functions studied by Barnes in [3]. However, neither of these provides a sys- 
tematic way of giving a solution for a general real quadratic field. 

The quest for such a solution is the subject of Manin's paper "Real Multi- 
plication and Noncommutative Geometry" [7] where he poses his Alterstraum 
- a theory of Real Multiplication. The theory laid out in Manin's paper is con- 
nected to the development of Noncommutative Geometry studied by A.Connes 
in the early 1980's. His book [2], considered one of the milestones in mathe- 
matics, studied the analytical theory of non-Hausdorff spaces using C*-algebra 
and operator theory. Such "Noncommutative spaces" have a noncommutative 
C*-algebra associated to them which is an analogue to the algebra of C- valued 
functions on a Hausdorff space. 

Whereas elliptic curves with Complex Multiplication play a key role in 
the solution of Hilbert's problem for quadratic imaginary fields, Manin's ap- 
proach suggests the use of Noncommutative Tori in the analogous theory for 
real quadratic fields. These are noncommutative C*-algebras parameterised by 
a real number 9, generated by unitaries U and V satisfying the commutativity 
relation 

VU = e 27ri8 UV. 

We denote such an algebra by Ag. Through the work of Reiffel and others a 
duality is established through such objects and isomorphism classes of pseu- 
dolattices, analogous to the relationship between elliptic curves over C and 
lattices established by the Uniformisation Theorem. 

The category of pseudolattices is defined to be 

Definition 1.1 (Category of Pseudolattices). Let VC denote the category such 
that: 

• The objects of VL are dense additive subgroups L of R of rank two. 

• A morphism between two pseudolattices L\ and L2 is a nonzero positive 
real number (3 such that (3L\ C L2. 

The relationship between Noncommutative Tori and pseudolattices in Manin's 
paper is based on the association 

Ag <-> Lg := Z + 6Z. 

Motivated by the duality between lattices and elliptic curves we make the fol- 
lowing definition: 
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Definition 1.2 (Quantum Torus). Let L be a pseudolattice. The Quantum 
Torus associated to L is the topological space Zl defined by R/L. 

The non-Hausdorff nature of Quantum Tori imply that the space of contin- 
uous C- valued functions on Zl is trivial. In [4] and [5], Fesenko suggests the 
use of Model Theory, and more specifically Nonstandard Analysis as a tool for 
studying such topological spaces. 

1.1 Statement of results and overview 

In this paper we explore the use of nonstandard analysis to further our under- 
standing of Quantum Tori from both a topological and arithmetic viewpoint. 
Our approach is to consider a class of nonstandard topological spaces Tl pa- 
rameterised by pseudolattices, together with a surjective morphism whose image 
is a Quantum Torus. These nonstandard topological spaces are called Hyper 
Quantum Tori. 

In Sj3]we define the category CIQ of locally internal quotient spaces. Hyper 
Quantum Tori can be viewed as objects in this category, and we use this fact 
to calculate various fundamental groups and apply these results to compute 
morphisms between Hyper Quantum Tori. Having obtained a notion of contin- 
uous maps between Hyper Quantum Tori, we use the preceeding work to define 
a notion of continuous maps between Quantum Tori, and prove the following 
result: 

Theorem 1.3. Let QT denote the category of Quantum Tori, whose morphisms 
are continuous maps in the category of locally internal quotient spaces. Then 
the categories QT and VC are equivalent. 

§3.61 is an important discussion concerning the definition of morphisms in 
CIQ we gave in Definition 13.31 In particular we note the limitations in the 
use of nonstandard mathematics in this area, and the possibility of using more 
sophisticated model theoretic techniques to gain better insight in to this subject. 

The remainder of the paper concentrates on the arithmetic consequence 
of our definitions, and the potential use of Quantum Tori in solving Hilbert's 
twelfth problem for real quadratic fields. An immediate consequence of Theo- 
rem 11.31 is the following: 

Theorem 1.4. Let Zl be a Quantum Torus. Then the endomorphism ring of 
Zl is isomorphic to either Z or an order of a real quadratic field. 

This result is analogous to a result for elliptic curves in the theory of Com- 
plex Multiplication, which states that the endormorphism ring of such an object 
is isomorhic to either Z or an order in an imaginary quadratic field. 

We now fix a real quadratic field, F. We may consider those Quantum 
Tori whose endomorphism ring is isomophic to the maximal order in F. This 
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maximal order is realised as the ring of integers of F, and denoted Of. Given 
our definiton of morphisms in QT it is easy to see that the following is well 
defined: 

Definition 1.5. Let F be a real quadratic field. Define 

, Quantum Tori Z with End(Z) = Of 

QJ(Of) := — • 

isomorphism 

We then prove the following result: 

Theorem 1.6. Let be a Quantum Torus, whose endomorphism ring is iso- 
morphic to an order of a real quadratic field F. Let Hp denote the Hilbert class 
field of F, and Gal{Hp / F) the galois group of the extension Hp/F. Then there 
exists a simply transitive action of Gal{Hp / F) on QT(Op). 

This last results represents an important step in the use of Quantum Tori 
in Real Multiplication, and we discuss the implications of this result. 



2 Nonstandard Models and Hyper Quantum Tori 

Let £ be the language {€}, and let S be an infinite set. We define the super- 
structure over S by 

oo 

V(S) := (J V n (S) 

71=0 

where V (S) := S and V n+1 (S) = V n (S) U V(V n (S)) for all n > 1. Then V(S) 
is an ^-structure. 

Definition 2.1. Let * : V(S) — > V(R) be a map of superstructures. We 
say that V{R) is a nonstandard model of V(S) if the following properties are 
satisfied: 

• *S = R. 

• *s = s for all s € S. 

• Transfer principal: For every formula o~(x±, . . . , x n ) with n- variables 
elements a±, . . . ,a n € V(S) we have 

V(S) \= a{a u ...,a n )^ V(R) \= a(*a h *a n ). 



• Saturation: If A £ V(S) is a collection of sets with the finite intersection 
property, then 

f){*B :BeA}^(t). 

Definition 2.2 (Internal sets). A set A G V(*S) is called internal if there 
exists B G V(S) such that A £ *B. 

Equivalently, the internal sets of V(*S) are seen to be the definable sets in 
the /^-structure: 



4 



Proposition 2.3. A set A £ V(*S) is internal if and only if there exists an 
C-formula (ft(x, y) and elements a±, . . . ,a n such that 

A = {x: V(*S) \= (ft{x,a)}. 

As a consequence of this we obtain property of nonstandard models known 
as permenance: 

Proposition 2.4 (Permenance). Let (ft be an internal statement in n variables. 
Then the set of a £ *M n for which *M \= (ft (a) is an internal set. 

We now list some terminology specific to studying topological space within 
a nonstandard structure. We restrict our study to the case when S = K. 

Definition 2.5. Let X £ V(R) be a topological space, whose topology consists 
of a collection of open sets T . Then we make the following definitions: 

• An element of *X which lies in the image of * : X — > *X is called standard. 

• Let x be an element of *X, and suppose that y £ *X is such that y £ *U 
for all U £ T. Then we say y is infinitesimally close to x, and write x ~ y. 

• If y £ *X is infinitesimally close to a standard element we say y is near 
standard. 

Definition 2.6. If X is a topological space in .M we have two natural topologies 
on *X: 

• The Q-topology: If B is a basis of open sets for the topology on X, then 
*B is a basis of open sets for the Q-topology on *X; 

• The 5-topology: A basis of open sets on *X is given by {*A : A £ B}. 

The standard part map provides the bridge between the Nonstandard and 
"standard" models: 

Definition 2.7 (Standard part). Let X be a topological space, and let *X nst 
denote the near standard elements of *X. Let 

st : *X nst -» X 

denote the map sending x £ *X nst to the unique standard element xq of X such 
that x ~ xq. When X = R it can be shown that st is an additive homomor- 
phism, and if x, y £ *M nst then st(xy) = st(x)st(y). 

2.1 Hyper Quantum Tori 

Using the ideas of the previous section, we make the following definition: 

Definition 2.8 (Hyper Quantum Torus). For a pseudolattice L Cl, define 
the Hyper Quantum Torus associated to L by Tl := *W iSt /L. We let ttl denote 
the natural projection *M nst — > Tl- 
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Proposition 2.9. Let Tl be a Hyper Quantum Torus endowed with the induced 
quotient topology from the Q-topology on *R. Then T is a Hausdorff space. 

Proof. We first observe that L is not dense in *M nst . Given x € *M nst consider 
the monad fj,(x) = {y € *R nst : y ~ x}. Suppose z G (x + L) n /x(x). Then 
z = x + / for some Z G L, but x ~ x + Z, and hence Z ~ 0. Since every element 
of L is standard we have 1 = 0. 

Now suppose x + L, y + L G Tj,. Because *R nst is Hausdorff and L is not 
dense in *]R nst , there exist open sets U x and U y of *M nst containing x and y 
respectively such that 

u x n (x + L) = {x} 
U y n(y + L) = {y} 

u x nu y = 0. 

Now put U x = U x + L and U y = U y + L. These are open disjoint subsets of Tl 
containing x + L and y + L respectively. □ 

3 Locally Internal Topological Spaces 

The proof of Proposition 12.91 shows that any point of Tl has a neighbourhood 
which is isomorphic to an internal subset of *R nst - if x + L G Tl, then the set 

V x :={y + L:(ye*R ast )A(\y-x\<e)} 

is isomorphic to the open interval (— e, e) for any infinitesimal e. This inspires 
the following definition: 

Definition 3.1 (Locally Internal Topological Space). Let 5 be a topological 
space in a Nonstandard structure such that 

For every s £ S there exists an open neighbourhood V s of S such 
that V, is isomorphic to an internal topological space. 

We say that S is a locally internal topological space. 
3.1 Internal Covering Spaces 

Suppose X is a standard topological space. Basic results in topology [1] imply 
that if 7 is a path in X, and X is a covering space for X, then 7 lifts to a path 
7 in X. This result implies that a continuous map between topological spaces 
X and Y lifts to a map between covers X and Y of these respective spaces. 

We wish to have an analogous situation for locally internal topological 
spaces, where the covering space is an internal topological space. 

Definition 3.2 (Internal Covering space). An internal cover of a locally internal 
space S is a pair (S,p) such that 

• S is an internal topological space; 
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• p is a surjective map from S to S satisfying the following condition: 

For every s 6 S, there exists an open neighbourhood U s of s; 
an isomorphism ifj s of U s on to an internal topological space il s , 
and a decomposition of p~ l (JJ s ) as a family {V^j} of disjoint 
open internal subsets of S such that the restriction of 4> s o p to 
i is an internal homeomorphism from V s j to 

We say that S is a locally internal quotient space. 

Internal covering spaces are not unique, as the following example shows: 

Let L = Zloi + Zuj 2 be a pseudolattice, and let *S l 2* *M nst /Zu;i 
denote the unit circle. Consider the pair (*S 1 ,pi), where p\ is the 
map 

p x :*S x T L 
x + Zu)i i— > x + L. 

Then (*S ,Pi) is an internal covering space for Tl- 

Now let £ : *R -»■ *M nst be a map of the form 

£(x) = x + m(x)u;i 

where m(x) is some integer (depending on x) such that x + m(x)u;i 
is limited. Then the pair (*M.,p2) is an internal covering space for 
Tl, where 

p 2 :*R -» T L 

x i— > + L. 

3.2 Morphisms between locally internal quotient spaces 

Given a Hausdorff locally internal space S, in general S will be an external 
object in our Nonstandard structure. As a consequence the space of continuous 
functions on such a space can be very big. When S has an internal cover, we 
use this to restrict the space of such functions by the following definition: 

Definition 3.3. Let S and T be locally internal quotient spaces. Let p$ : S — > 
S and pt '■ T —* T denote the respective covering maps. A morphism between S 
and T is a map / : 5 — > T such that there exists an internal function / : 5 — ► T 
such that 

PT ° f(s) = f op s (s) 
for all s € S. We say that a morphism / is Q-continuous if / is Q-continuous. 

From this definition it is clear that the composition of two morphisms is 
again a morphism. 

Definition 3.4 (Category of Locally Internal Quotient spaces). Let CIQ be 
the category such that 
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• The objects of CZQ are locally internal quotient spaces; 

• A morphism between locally internal quotient spaces S and T is as defined 
in Definition 13.31 

3.3 The fundamental group of a locally internal space 

For a standard topological space X, a path in X is a continuous map 7 : I — > X 
where I is the unit interval. Taking the *-transform of this definition, an internal 
path in an internal topological space Y in a Nonstandard structure is a Q- 
continuous map 7 : */ — ► Y where 



We note that *I is trivially a locally internal quotient space (covered by itself) 
and extend the above notion to define paths in objects in CZQ. 

Definition 3.5. Let S be a locally internal topological space. A path in S is 
a Q-continuous morphism 7 in CZQ from */ to S. We say that a path 7 is a 
loop based at s E S if 7(0) = 7(1) = s. 

Similarly we can extend the notion of homotopies between paths in locally 
internal quotient spaces: 

Definition 3.6. Let 71 and 72 be paths in a locally internal quotient space S. 
A homotopy F between 71 and 72 is a Q-continuous morphism in CZQ from 
*I 2 to S such that 



We say the two paths 71 and 72 are homotopic and write 71 — 72. If we wish 
to refer explicitly to the homotopy F we may write 71 ~^ 72. If 71 and 72 
agree on some subset A of *I, we say that F is a homotopy between 71 and 72 
relative to A if we have the additional condition 

• F{a, s) = 71(a) = 72(a) for all a £ A. 

It is easily shown that the relation ~ is an equivalence relation. If 7 is a 
path in S we let (7) denote the equivalence (or homotopy) class of 7. Given 
s € S, we denote the set of homotopy classes relative to {0, 1} of loops in S 
based at s by ni(S, s). We define a law of composition on ni(S, s) by 



One can prove using exactly the same methods as for standard topological 
spaces that tti(5, s) is a group under this operation [1]. The identity element is 
the constant loop at s. 



*I := {x G *R : < x < 1}. 



• F(t,0) = 71 (t) for all t € *F, 



• F(t,l) =j 2 (t) foralHG*/. 



(7i) -(72) 



(71*72) 



where 
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Remark 3.7. Observe that if S is an internal topological space then this agrees 
with the natural definition (the ^-transform of the standard definition) of tti(S). 
At first it may seem to be a stronger definition since we have the property that 
paths and homotopies lift to internal covers, but these results follow for internal 
spaces by ^-transform of the standard results. 

Suppose / : S — > T is a morphism of locally internal quotient spaces. Then 
/ induces a homomorphism /* : ni(S, s) — ► ^i(T, f(s)). 

Proposition 3.8. Let (S,p) be an internal covering space for a locally internal 
space S. If S is path connected then for any s G S the induced map p* : 
tti(S, s) — > 7Vi(S, s) is infective, where s = p(s). 

Proof. Suppose 7 is a loop in S such that 7 := p o 7 is null homotopic. Choose 
a specific homotopy l s ~j? 7, where l s denotes the constant loop at s. Choose 
a Q-continuous lift F of F such that p o F = F. We may assume that F(Q) = s 
since if not, chose a path p from F(0) to s and replace F by the homotopy G 
such that for each s£'/ 

G(t,s)=p~ 1 *F( ,s)*p(t). 



Note that once we have fixed F(0) the function F is unique. Suppose there 
were two such lifts Fi and F2. Then we would have Fi(t) — F2(t) G ker(p). 
The kernel of p is a Q-discrete set since for each point s, p identifies an internal 
neighbourhood of s homeomorphically with an internal subset of S. Since both 
the lifts are Q-continuous and internal maps of the connected set *I and agree 
at 0, we have F\ = F2. 

We need to show that F gives a homotopy from 7 to the constant loop at 
s. Let P denote the internal path connected set 

{(t,0) G *I 2 : < t < 1} U {(0,t) G *I 2 : < t < 1}. 

Since F is a homotopy relative to {0, 1} we see that F(P) = s. Since poF = F 
we have F(P) G p~ 1 (s), which as we have seen is a Q-discrete set. Since F is 
internal and Q-continuous we have F(P) = s. This shows that the path F(t, 0) 
is the constant loop at s. The path F(t, 1) is a lift of 7 which starts at s. There 
is a unique such path by an analogous argument to the uniqueness of homotopy 
lifting in the above paragraph. Hence F(t, 1) = j(t). 

□ 

We stress that despite working within a nonstandard model, the proof of 
the previous proposition does not require any new ingredients mathematically. 
Once we have the properties of path and homotopy lifting we are working with 
internal functions on the covering space and the proofs carry through by *- 
transform of the standard results. 
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Proposition 3.9. Let f : S — > T be a morphism between monadically internal 
spaces, let s £ S and suppose that S and T are path connected. There is a lift 
f : S — ► T such that f(s) = t if and only if f*(jri(S, s)) C 7r*(7ri(T, i)). This 
lift is unique. 

Proof. The result is proved for standard spaces in [1]. It is easy to adapt these 
techniques to obtain the result for locally internal quotient spaces. □ 

Definition 3.10 (Covering Transformation). A covering transformation for an 
internal covering space (S, ir) is an internal homeomorphism h : 5 — > S such 
that 7r o h = ir. 

The set of all covering transformations forms a group Cov(S/S) under com- 
position, and we have an action of Cov(S/S) on S by 

Cov(S/S) xS -> S 

(h,s) I— > h(s). 

Note that if h\ and h 2 are covering transformations which agree on a point s, 
then both h\(x) — h 2 (x) and the constant map K{x) = take the value at 
x = s and lift ir. Hence by the uniqueness part of Proposition 13.91 we have 
hi = h 2 . 

Utilising methods from the proof of the corresponding standard result, it is 
easy to show that the following is true: 

Proposition 3.11. Let (S,p) be a path connected internal covering space. Sup- 
pose p*(-7ri(5 ', s)) is a normal subgroup of tt\ (S, s) . Then Cov(S/S) is isomor- 
phic to the quotient tvi(S, s)/p*(jri(S, s)). 

We now use this result to describe various fundamental groups associated 
to Hyper Quantum Tori. 

3.4 Covering spaces for Hyper Quantum Tori 

The definitions of the previous sections enable us to calculate the fundamental 
group associated to Hyper Quantum Tori: 

Proposition 3.12. Let L be a pseudolattice. For any z £ Tl, we have an 
isomorphism tti(Tl, z) = *Z © Z. 

Proof. Consider the internal covering space (*R,p2) considered in §3.11 : 

p 2 :*R -» T L 

x i— > £(x) + L 

Since 7ri(*R, r) is trivial for any r£*R (see Remark 13. 7p . Proposition 13. Ill gives 
an isomorphism Cov(*M/Ti) = m(Ti,,z). Suppose L = 7Lu)\ + TjjJi. For each 
/ € *7Luj\ + Zo;2 let h\ be the covering transformation defined by hi(r) = r + Z, 
and consider the homomorphism 

*Zwi + Zuj 2 -> Cov(*ra/fo) 

l i — > hi. 
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By the previous discussion we see that elements / G Cov(*R/Tx) are determined 
by their value at 0, hence this map is injective. Given / G Cov(*R/Tf,) we have 
/(0) G *Zwi + Zu>2, and hence / = /i/(o)- Hence the above map defines an 
isomorphism *Zui + Zco 2 = Cov(*M/fo). Finally note that *Zwi + Zu 2 = 
*Z©Z. □ 

When we come to consider how morphisms between Hyper Quantum Tori 
give us maps between Quantum Tori, we will want to consider the standard 
part images of covering transormations. However, by Proposition 13.121 such 
transformations are translations by elements of *Zwi + Zw2, and as such there 
exist some covering transformations which do not map *M nst to itself. We define 
the following subcategory of CZQ: 

Definition 3.13. Let CZQ nst be the subcategory of CZQ such that 

• The objects of CZQ nst are objects of CZQ such that 

The restriction of the projection p : S — > S to those limited 
elements of S is an S-continuous surjection on to S. 

• Morphisms in CZQ nst are those morphisms in CZQ which map limited 
elements to limited elements. 

For z G Tl, we let Trf st (TL, z) denote the fundamental group of Tl based at 
z where all the paths and homotopies are required to be morphisms in CZQ nst . 

Proposition 3.14. For any z G Tl, we have an isomorphism ir[ lst (TL, z) = L. 

Proof. Proposition 13. 12l implies that the following injection is an isomorphism: 

$ : Cov(*M/r L ) 7n(T L ,z) 
h i-> jh 

where 

lh (t) :=iro(z + t(h(l)-h{0)). 

Such a transformation preserves *R nst if and only if it is a translation by an 
element of Zwi + Zw2 = L. □ 

Hence we may obtain the pseudolattice L from the fundamental group of 
the Hyper Quantum Torus Tl- We view this as analogous to the determination 
of the pseudolattice Lq = Z + Q7L from the K-theory of the Noncommutative 
Torus Ag in Noncommutative Geometry [7]. 

3.5 Defining morphisms between Quantum Tori 

Our motivation for defining and studying locally internal quotient spaces arose 
from the observation that a Hyper Quantum Torus Tl can be viewed as an 
object in the category of such spaces. We have developed a notion of morphism 
in between such spaces, which we now apply specifically to Hyper Quantum 
Tori: 
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Definition 3.15 (Category of Hyper Quantum Tori). Let TLQT denote the 
category such that 



• The objects of TLQT are Hyper Quantum Tori; 

• The morphisms between Hyper Quantum Tori correspond to those ho- 
momorphisms of the universal internal covering space of Hyper Quantum 
Tori which map limited elements to limited elements. 

Lemma 3.16. We have a bijection between the set of morphisms Tl — > Tm in 
TLQT , and the set of nonzero real numbers a such that a(L) C M. 

Proof. Proposition 13.91 shows that a covering space for Tl is universal if it has 
trivial fundamental group. Hence *M is the universal internal covering space 
for Hyper Quantum Tori. Definition 13.31 implies that the morphisms between 
Hyper Quantum Tori are homomorphisms (f) : *M — > *R which map *M nst to 
itself and satisfy the following condition: 

0(r) +M = 0(r + L) Vr € *M nst . (1) 

Since 4> is an internal homomorphism of *M it is equal to multiplication by a for 
some a G *]R X . By ([T]) we have a(L) C M, which since L and M are standard 
imply that a € K*. Conversely, multiplication by any such element induces a 
morphism in TLQT . 

□ 

Corollary 3.17. The categories VC and TLQT are equivalent. 

Proof. This follows from the above result, and the definition oiVL in Definition 

rrn □ 



The natural projection ttl '■ *M nst —>■ Tl induces a well defined map pl on 
Tl whose image is a Quantum Torus: 

Pl-Tl -> Z L 
^l(x) i— > st(rr) + L. 

Definition 3.18. A morphism between Quantum Tori Zl and Zm is a map 

/ : Zl — > Zm such that there exists a map / : Tl — > Im such that the following 
diagram commutes: 

T L -L-T M 



PL 



PM 



f 

Zl Zm- 

Proof of Theorem \1.3[ Since every morphism of Hyper Quantum Tori is S- 
continuous, every element morphism of Hyper Quantum Tori yields a morphism 
of Quantum Tori. We need to show that this association is injective. 
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Note that for each pseudolattice we have an injection ll : Zj_, Tl, which 
satisfies pl° = ^z L - We need to prove that if g : Tl — > Tm is a morhpism of 
Hyper Quantum Tori such that 

PM°g°tL(x)=x (2) 

for all x € Zl, then g is the identity. 

Since the induced map on Quantum Tori is the identity we have L = M. 
By Proposition 13.161 g is equal to multiplication by a for some a £ R x such 
that aL C L. Then (J2]) implies that 

ctr + L = r + L 

for all r € R, and hence a = 1. □ 
3.6 Limitations of Nonstandard Analysis 

In Definition 13. 31 we defined morphisms between locally internal quotient spaces 
to possess the property that they lifted to internal maps between their internal 
covering spaces. In this section we look at whether it is possible to obtain an 
equivalent definition without reference to such a cover, which would allow us 
to consider maps between the more general class of locally internal topological 
spaces. Rather than consider the general case of maps between locally internal 
quotient spaces, we shall consider the specific problem of defining paths in such 
spaces. 

Definition 3.19. Let S be a locally internal space. A locally internal path in 
S is a Q-continuous map 7 : */ — ► S such that for all t £ *I, there exists an 
internal neighbourhood Ut of t with the following properties: 

1. The image of Ut lies in an open neighbourhood of 7(t); 

2. There exists an isomorphism <j>~/<t) '■ V^u) = 2Xy(t) for some internal topo- 
logical space 2Xy(t); 

3. The composition 7 (t) 7 : Ut — > %3y(t) is an internal map. 

Hyper Quantum Tori posses a slightly stronger property than local inter- 
nality. Instead of the condition of Definition 13.11 we have 

For every z £ Tl, for every infinitesimal e the set (z — e, z + e) + 
L £ Tl is an open neighbourhood of z isomorphic to an internal 
topological space. 

Consequently we shall work with a stronger notion of paths defined by the 
following: 

Definition 3.20. A monadically internal path in Tl is a map 7 : *I —> Tl 
such that (with the notation of Definition I3.19p . for every t £ *I, and every 
infinitesimal e, there exist V^m, 2? 7 (t), </> 7 (t) corresponding to Ut = (t — e, t + e). 
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When 7 is a monadically internal path in Tl, we can deduce some informa- 
tion about a lift of 7 to *R: 



Proposition 3.21. Fix t G *I. Let 7 be a monadically internal path in Tl, 
and let x G *R be such that n(x) = 7(t). Then there exists a unique internal 
function f and r G R snc/i i/iat / : [t — r, t + r] n */ — > *R, /(0) = x and on 
we Ziaue tt o f = 7. 

Proof. This is a consequence of the property of permanence introduced in 
Proposition 12.41 We first suppose that t £ /j(0) U 

For each 77 ~ 0, there exist internal sets %3yM Q *^ an d functions 4^^) sucn 
that 7r o <t>^r t \(t) = j(t) and 

is an internal function. 

Fix T70 — 0. Then for each rj ~ with 77 > 770 we obtain an internal function 
0^ such that on (t — 770, t + %) we have 0^ = 0^ t y By permanence there 
exists r G R and an internal function (^{t) an d an internal open set %J^(£) such 
that (^(t) '■ (t — r,t + r) — > an d the restriction of $\ t % to (t — 770, i + 770) is 
0^ . Since this holds for any 770 ~ we see that (f>yM agrees with 4^u-\ f° r an 
7?o~0. 

Now suppose we had two such lifts <t>^u-\ an d defined on (t — r,t + r). 
Consider the internal set 

5:={f G(t-r,t + r):^ (t) (t)=^ (t) (t)}. 

Consider the internal statement 

tp(s) •. t' e(t-s,t + s)^t' eS. 

Then ip{e) is valid for all e ~ 0, hence by permanence there exists r' G R such 
that ip(r') holds. Hence fijft) 1S unique on (t — r',t + r'). 

If t G Ai(0) then we apply the above techniques to the interval [0,77), and 
similarly if t G /i(l) we consider the interval (77, 1]. □ 

Note that the above proof does not give us a lift of 7 on the whole interval 
(t — r, t + r). If Tl is a Hyper Quantum Torus, then the path given by 

7 :*I -> Tjr, 

i i-> st(rj) + L 

defines a monadically internal path in Tl, but which has no lift to an internal 
map /:*/—> *R. This demonstrates that Definition 13.191 does not provide a 
notion of paths in locally internal spaces which lift to internal paths in internal 
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covering spaces. 



By Proposition 13 . 2 ll an equivalent definiton of a monadically internal path 
is given by: 

Definition 3.22. A monadically internal path in Tl is a function 7 : *J — > Fl 
such that 

For each x E *I C *ffi , for every e ~ there exists a Q-continuous 
internal function j x : [x — e,x + e] D *I — » *R such that for all 
i G [x - e, x + e] n *I, vr o 7(f) = P^ 1 o 7 (t). 

We know that this is not enough to give us the property of path lifting. A 
natural weakening of this notion is given by 

Definition 3.23. An appreciably internal path in Tl is a function 7 : *J — > Fl 
such that 

For each x € *I C *IR nst , there exists € M and a Q-continuous 
internal function 7^ : [x — r x , x + r x ] fl */ — > *M such that for all 
f € [x - e, x + e] n *J, vr o 7(t) = P^ 1 o 7 (t). 

This is a failure to define paths in Tl with the path lifting property without 
reference to the covering space *M. However, it is easy to see that the com- 
pactness of / implies that appreciably internal paths yield have internal lifts in 
internal covering spaces. 

This highlights the limitations in the use of Nostandard Analysis in studying 
Quantum Tori - locally definable maps between Hyper Quantum Tori do not 
lift to definable maps between covering spaces. It would be interesting to study 
structures with fewer definable sets in which Quantum Tori can be interpreted 
to see whether it is possible to find a structure inwhich locally definable maps 
lift to definable maps of covers. 

4 Quantum Tori with Real Multiplication 

The theory of Complex Multiplication that forms the basis for the solution of 
Kronecker's Jugendtraum relies on the existence of elliptic curves over C whose 
endomorphism ring is strictly greater than Z. We let QT denote the cate- 
gory whose objects are Quantum Tori, and whose morphisms are continuous 
homomorphisms as described in Definition 13.181 Together with the work of the 
previous section, we are now in a position to prove Theorem 11.41 



Proof of Theorem \1.4\ Let Zl be a Quantum Torus. By Theorem 11.31 the 
endomorphism ring of Zl is isomorphic to the set of those a £ M* such that 
o.L C L. Suppose there exists such an a such that a £ Z, and let L = Zwi+Zu^- 
Then there exist a, b, c and d 6 Z such that 

aui = aoj\ + bu 2 , „, 

au>2 = cu>i + gL>2 • 
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Dividing the second of these equations by UJ2, we observe that since a £ Z, 
c^O. We observe that 6 := uj\/uj2 satisfies the quadratic equation 

cX 2 + (d - a)X - b = 0. 

Hence [Q(0) : Q] = 2, and Q(0) is a real quadratic field. 

We therefore conclude that End(Z^) is an integral extension of Z. Elimi- 
nating a from ((3|) we see that a satisfies the equation 

X 2 - (a + d)X + ad-bc = 0. 

Hence a is integral over Z and therefore contained in the ring of integers Of of 
F = Q(6). 

We can therefore identify the ring of endomorphisms as a subring of the ring 
of integers of F. Hence End(Z^) is finitely generated as a Z-module and satisfies 
End(Z^) <SiQ — F. These are the precisely the requirements for End(Zx,) to be 
an order in F. □ 

Definition 4.1. Let Zl be a Quantum Torus such that End(Z^) is isomorphic 
to an order in a real quadratic field F. We say that Zl has Real Multiplication 
(by F). We sometimes abbreviate this to say that Zl has RM. 

In this section we consider those Quantum Tori Zl such that End(Z^) is 
isomorphic to the maximal order in a predefined real quadratic field F. From 
a number theoretic point of view such orders have a special significance, being 
the ring of integers of F. 

Lemma 4.2. Let L be a pseudolattice in R. Then End(ZL) — Of if and only 
if L is homothetic to a fractional ideal in F. 

Proof. Suppose End(Z^) = Of- Then 

O f = {x 6 R : xL C L}. 

Suppose L = 7Luj\ + Zo;2- Then L = LV\Lg, where 9 = u^/wi, so 

F = {x G R : xL e C L e }. 

By the proof of Theorem 11.41 we deduce that 6 G F, and that we can identify 
Of precisely with the set {x G R : xLg Q Lg}. Hence L is homothetic to a rank 
two O^-module contained in F. The latter object is precisely the definition of 
a fractional ideal in F. 

Conversely let a be a fractional ideal of F. This is a rank two abelian 
subgroup of R, and therefore a pseudolattice, so we may consider the quantum 
torus Z a . Every element of End(Z a ) lifts to multiplication by a a on R such 
that a a a C a for some a a G R. So End(Z a ) contains Of as a suborder. We 
know that End(Z a ) is isomorphic to an order of F, and that Op is the maximal 
order. Hence End(Z a ) 9* F . □ 
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4.1 The algebraic nature of Quantum Tori 

Let a be a generator of the Galois group of F over Q, and denote by If the 
group of fractional ideals of F. We have a natural inclusion l : F* — > Ip which 
sends x to the principal ideal (x) generated by x. The class group of F is a 
finite group [8] defined by the quotient 

C(F) :- 



l{F*) 

The equivalence class of a G If in C(F) is denoted by [a]. 
Let 

F + := {x e F : (x > 0) A (x a > 0)} 

denote the subgroup of totally positive elements of F. The narrow class group 
of F is defined to be 

- wry 

The equivalence class of o € If in C(F) + is denoted by [a] + . There is a 
canonical surjection 

C (F)+ — > C7(F). (4) 

Theorem 4.3. There is a well defined action ofC(F) on QT(O f ). This action 
is simply transitive. 

Proof. Let Zl be a Quantum Torus with endomorphism ring isomorphic to Of- 
Let a be a fractional ideal of F, and define a * Zl := Z a L- I claim this induces 
a well defined action of Ip on QT(O f ). 

• aL is a pseudolattice. By Lemma 14.21 L = Ac for some A € R* and frac- 
tional ideal c of F, so aL = Aac. The fractional ideal ac is a pseudolattice 
since it is a rank two abelian subgroup of R, and hence aL is. 

• End(Z a i) = Of- With the notation of the last paragraph, aL is no- 
mothetic to the fractional ideal oc. The statement follows from Lemma 

T21 



If [a] = [b] then a* Zl = b * Zl- If a and b represent the same elements in 
the class group, there exists aEF such that a = ab. Hence aL = abL, 
and Z a L and Z^l are isomorphic. 

The action is simple. If Z a L and Z^l are isomorphic, there exists a £ R 
such that 

aL = abL. (5) 

Recall that L = Ac for some c £ If, and multiply both sides of (|5|) by the 
pseudolattice A _1 b _1 c _1 . This gives ob _1 = aOp- The left hand side is 
contained in F, so we have a € F. Hence [a] = [b]. 
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• The action is transitive. Let Zm be a quantum torus with endomorphism 
ring isomorphic to Of- Then M = fjd for some fi € R*, d £ If- Put 
a := fic" 1 . Then aL = Aac = AO = (A///JM. Hence a * Z L =S Z M . 

□ 

As a corollary we obtain Theorem 11.61 

Proof of Theorem \1.6l The reciprocity map of class field theory gives us an 
isomorphism 

C(F) = G&\(H F /F). 
The result follows immediately from Theorem 14.31 □ 

We also obtain the following corollary: 
Corollary 4.4. 

\C(F)\ = \QT(O f )\. 

Remarks: 

1. Via ([!]) the narrow class group acts on QT(Of)- This is transitive, but 
is only faithful when C{F) + = C(F). This occurs precisely when both 
infinite primes of F are unramified in the narrow ray class field of F. 
Class Field Theory gives us an equation for the size of C{F) + : 

\C(F)+\ = ^ 

where Hf is the size of the class group of F. 

Hence the action of C{F) + on QT(Of) is faithful precisely when 

[o* F ■■ f + n o* F ] = 4. 

2. Let E\ be an elliptic curve corresponding to a complex lattice A by the 
Uniformization Theorem, and let a be an automorphism of C. We have 
a natural action of a on E\ by letting a act on the coefficients of the 
equation for E\. Analogous to the proof of Theorem 14.3^ we have an 
action of the group of fractional ideals in K on the set of elliptic curves 
E with End(-E) ~ Ok, where K is some fixed quadratic imaginary field. 
This action is defined and denoted by 

(a,E A ) ^ a*E A := E aA . 

If a is a fractional ideal of K, then the reciprocity map supplies a homo- 
morphism 

iI> Hk/k : C(K) - Gd(H K /K) (6) 

where Hk is the Hilbert class field of K. It is a fundamental result in the 
theory of Complex Multiplication that the following identity holds [12]: 
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Since ([6]) exhibits an isomorphism between the class group and the Galois 
group of the Hilbert class field of K over K, this result is strongly linked 
to the following: 

Proposition 4.5. Let E be an elliptic curve with Complex Multiplication 
by an order in an imaginary quadratic field K. Then there exists an 
elliptic curve E' such that E and E' are isomorphic, and E' is defined 
over the Hilbert class field of K. 

By Theorem 11,61 we are able to describe an action of Gal(Hp / F) on iso- 
morphism classes of Quantum Tori with Real Multiplication. There is 
no reason a priori why we should be able to do this. The objects Zl 
are purely analytic constructions, associated to which there is no natural 
algebraic object for the automorphisms to act upon. However, this simple 
result shows that Quantum Tori with Real Multiplication do possess al- 
gebraic characteristics. Moreover, with respect to the algebraic property 
highlighted by this result, this suggests the existence of a virtual "field of 
definition" over which Quantum Tori are defined, and that in the case of 
Theorem C this field is equal to Hp. 
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